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We introduce an optomechanical scheme for the probabilistic preparation of single-phonon Fock
states of mechanical modes based on photo-subtraction. The quality of the produced mechanical
state is confirmed by a number of indicators, including phonon statistics and conditional fidelity.
We assess the detrimental effect of parameters such as the temperature of the mechanical system
and address the feasibility of the scheme with state-of-the-art technology.
Recent developments in quantum optomechanics [1]
have shown the promises for quantum state engineering
held by various experimental platforms. Squeezing of the
quantum noise of a micromechanical resonator has been
recently demonstrated in at least two experimental set-
tings [2, 3], while the first steps towards optomechanical
entanglement have been reported in some noticeable ex-
periments [4, 5].
Although the investigations performed so far have fo-
cused on Gaussian operations [6] and states, including the
engineering of universal resources for quantum computa-
tion [7], similar attention has been paid to the prepa-
ration of non Gaussian states [8–17]. In this respect,
the preparation of phononic number states is a particu-
larly important goal in light of the possibility to use op-
tomechanical devices as memories and on-demand single-
photon sources [18]. Such states have been realized ex-
perimentally by coupling the mechanical mode to a su-
perconducting qubit [19].
In this paper, we propose a novel scheme for the
preparation of single-phonon number states (SPNS) that
combines the features offered by the linearized optome-
chanical interaction and the potential for effective non-
linear effects made available by photon subtraction. In
Ref. [11], one of us has demonstrated the effectiveness of
photon subtraction for the preparation of non-classical
states of mechanical modes: The non-classical correla-
tions established between mechanical and optical oscilla-
tors in an optomechanical cavity, complemented by the
subtraction of a single photon from the optical field, are
sufficient to prepare the mechanical mode in a highly
non-classical (non-Gaussian) state. Here, we extend such
scheme showing the possibility to engineer a state that
is very close to an ideal SPNS in both a dynamical way
and at the steady-state of the optomechanical evolution.
We characterize the quality of the resource thus achieved
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using both state fidelity and the phonon-number statis-
tics.
The remainder of this paper is organized as follows: In
Sec. I, we introduce the system under scrutiny and its
equations of motion. In Sec. II, we provide the analytical
form of the conditional mechanical state achieved after a
single-photon subtraction on the optical field. Sec. III is
devoted to the characterisation of such conditional state.
Sec. IV addresses the steady-state version of the scheme
put forward here, while Sec. V, summarises our work and
pinpoints a few open questions that are left for further
investigation.
I. THE MODEL AND ITS DYNAMICS
For the sake of definiteness, we consider a single-mode
Fabry-Pe´rot cavity endowed with a movable mirror, al-
though our considerations are valid for any other optome-
chanical system working in the regime where the position
of a mechanical oscillator is linearly coupled to the inten-
sity of the field accommodated in the cavity. The field
mode has frequency ωc, and the cavity decay rate is κ.
The mechanical mode oscillates at frequency ωm and is
affected by a local thermal environment (at temperature
T ) with which it exchanges excitations at a rate γm [20].
The cavity is pumped by an external laser field at fre-
quency ω0. In a frame rotating at such frequency, the
Hamiltonian of the system reads
Hˆs = ~∆0aˆ†aˆ+
~ωm
2
(qˆ2 + pˆ2)− ~G0qˆaˆ†aˆ+ i~E(aˆ† − aˆ),
(1)
where ∆0 = ωc − ω0 is the cavity-pump detuning,
aˆ(aˆ†) is the annihilation (creation) operator of the cavity
field, qˆ and pˆ are the dimensionless position and mo-
mentum operators for the mechanical oscillator, and we
have introduced the single-photon optomechanical cou-
pling strength G0 =
ωc
L
√
~
mωm
with m the effective mass
of the oscillator and L the length of the cavity. Finally
the last term in Eq. (1) describes the laser interaction
with the cavity mode, which occurs at a rate E =
√
2Pκ
~ω0
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2FIG. 1. (Color online) Paradigm of an optomechanical sys-
tem. An optical mode of frequency ωc is confined within a
cavity with decay rate κ. The mechanical mode associated
with a movable mirror has frequency ωm and is coupled to its
local environment with rate γm. The cavity mode is excited
with an input laser of frequency ω0 and power P . The joint
state of both modes is labelled as ρˆmf .
with P the power of the driving field.
Besides the unitary dynamics generated by Eq. (1), we
shall also consider the non-unitary one due to the cou-
pling of the cavity with its electromagnetic environment
and of the mechanical mode with the thermal background
of phononic modes provided by the support upon which
it is fabricated. For a large enough input power, the dy-
namics of the system can be split in the evolution of the
mean fields of the system and that of the correspond-
ing fluctuations. In the limit of large mechanical quality
factor, the latter evolve according to the equation
∂tuˆ(t) = k uˆ(t) + nˆ(t), (2)
where uˆ(t) = (δˆq δˆp ˆδX ˆδY )T , and ˆδO (O = q, p,X, Y )
is the fluctuation associated with operator Oˆ [we have
introduced the field quadratures Xˆ = (aˆ + aˆ†)/
√
2 and
Yˆ = i(aˆ† − aˆ)/√2]. Moreover, nˆ(t) accounts for the in-
put noise to the system, and k is the system kernel ma-
trix [21]. The formal solution of Eq. (2) is given by
uˆ(t) = M(t)uˆ(0) +
∫ t
0
dτM(τ)nˆ(t− τ), (3)
where M(t) = ekt. Stability of such solution is guaran-
teed by meeting specific conditions on the parameters of
the system [22], which we assume to be the case through-
out the remainder of our analysis (the numerical simu-
lations reported later on are all well within such stabil-
ity domain). We now introduce the covariance matrix
v(t) with elements vij(t) = 〈ui(t)uj(t) + uj(t)ui(t)〉/2
(i, j = 1, ..., 4), which fully describe the Gaussian state
of the system at hand. With this notation, we can recast
Eq. (2) as [23, 24]
∂tv(t) = kv(t) + v(t)k
T +D, (4)
where D =Diag[0, γm(2n+1), κ, κ] is the system diffusion
matrix that encompasses the statistical properties of the
noise affecting the optomechanical system.
II. CONDITIONAL STATE OF THE
MECHANICAL MODE
As discussed earlier, the main goal of the scheme is to
subtract a single photon from the field reflected by the
cavity end-mirror at a given instant of the evolution, and
analyze the features of the conditional mechanical state.
The joint optomechanical state ρˆmf can be written as
ρˆmf =
1
pi2
∫
d2λd2η Cmf (λ, η, t)Dˆ
†
m(η)⊗ Dˆ†f (λ), (5)
where Cmf (λ, η, t) is the Weyl characteristic function
of such joint state, Dˆm(η) [Dˆf (λ)] is the displacement
operator for the mechanical mode [cavity field], and
η = ηr + iηi [λ = λr + iλi] is the corresponding phase
space variable. As the overall state of the system is
Gaussian, we have Cmf (λ, η, t) = exp[− 12xv(t)xT ] with
x = (ηr ηi λr λi)
T .
We now assume that, at a given time of the joint evo-
lution of the system, the cavity field mode is subjected
to a single-photon subtraction process. This is formally
implemented by the application of the annihilation op-
erator aˆ to the state of the cavity field. As we are only
interested in the properties of the mechanical mode, we
discard the optical state, finding the conditional mechan-
ical density matrix
ρˆm =
N
pi2
∫
d2λd2η Cmf (λ, η)Dˆ
†
m(η)Trf [aˆDˆ
†
f (λ)aˆ
†]. (6)
Here, N is the normalization constant. We can further
elaborate this expression by considering that
Tr[aˆDˆ†f (η)aˆ
†] =
1
pi
∫
d2α(|α|2 − |λ|2 + λ∗α− α∗λ+ 1)
× exp[−1
2
|λ|2 + λ∗α− α∗λ].
(7)
After some tedious but otherwise straightforward manip-
ulations, the conditional density operator for the mechan-
ical mode is found to be
ρˆm =
N
4pi
∫
d2ηDˆ†m(η)g2(γ)e
g1(η), (8)
where we have introduced the functions
g1(η) =− 1
2
m22η
2
i −
1
2
ηr (m12ηi +m21ηi +m11ηr) ,
g2(η) =− [(c221 + c222)η2i + (c211 + c212)η2r
+ 2(c11c21 + c12c22)ηiηr] + f11 + f22 − 2.
(9)
Here mij and fij are the entries of the local covariance
matrices of the mechanical and optical mode respectively,
while the elements cij encompass the cross-correlation
between the two modes at hand. From Eq. (8) it is
straightforward to evaluate the Wigner function of the
conditional mechanical state as
W (δr, δi, t) = A
t
0(A
t
1 +B
t
rrδ
2
r+B
t
riδrδi+B
t
iiδ
2
i )e
Ct , (10)
3where the time-dependent functions At0,1, B
t
jk (j, k =
i, r), and Ct depend on the covariance matrix elements
and are explicitly given in the Appendix. Clearly,
Eq. (10) displays the non-Gaussian character of the con-
ditional mechanical state. Depending on the value taken
by the polynomial, W (δr, δi, t) can take negative values,
thus signalling non-classicality [25]. However, the time
dependence of the functions in W (δr, δi, t) makes the
properties of the conditional mechanical state very sen-
sitive to the exact time at which the photon subtraction
is performed. In the next Section, we show the existence
of a set of parameters and an instant of time at which
the conditional mechanical state becomes very close to a
SPNS.
III. RESULTS AND DISCUSSIONS
We focus on parameters that are achievable experimen-
tally [18, 26, 27] (cf. Fig. 2) and consider high-frequency
mechanical oscillators (∼ 1GHz, in line with proposals
for the preparation of single-phonon states reported in
Ref. [18], and compatible with photonic crystal nano-
beam resonators [27]), operating at 1mK (a temperature
that, albeit beyond those achievable by means of stan-
dard dilution refrigerators, can be reached by employ-
ing nuclear demagnetization refrigerators [28, 29]). We
work in the blue detuned regime ∆0 < 0. Albeit this
choice typically entails extra heating of the mechanical
mode, leading the system to instability [30], the set of
parameters chosen for our numerical simulations guaran-
tees stability of the system. Finally, we achieve weak-
coupling and sideband-resolved conditions (i.e. G/κ 1
and κ < ωm with G =
√
2G0αs the effective optome-
chanical coupling strength and αs = |E|/
√
κ2 + ∆20 the
mean value of the cavity field).
The goal of our investigation is to achieve a SPNS,
whose Wigner function reads
Wsq(δr, δi) =
2(4δ2i + 4δ
2
r − 1)
pi
e−2(δ
2
i +δ
2
r). (11)
Therefore, in order to achieve such a target state, we
should ensure that, at some time τ , we have
Bτrr ' Bτii ' −4A1 and Bτri ' 0 (12)
with the product Aτ0A
τ
1 providing the correct normaliza-
tion. This is indeed the case for suitable choices of τ :
as shown in Fig. 2, while at the steady state and for
the chosen set of parameters, the individual functions
entering the polynomial in W (δr, δi, t) do not satisfy the
conditions stated in Eq. (12) (albeit the discrepancies are
small), an excellent agreement with the desiderata is in-
stead achieved for τ up to 10µs. We have also checked
that, within such timeframe, we have Cτ ' −2(δ2r + δ2i ),
thus making the Wigner function of the conditional state
close to the target one. Such considerations are made
fully quantitative in Figs. 3 and 4.
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FIG. 2. (Color online) Time dependence of the coefficients
entering the polynomial in Eq. (10) for L = 1 mm, λ = 1064
nm, ωm/2pi = 1 GHz, P = 5 mW, m = 5 ng, κ/2pi ' 90
MHz, T = 1 mK, ωc = ω0, and γm/2pi = 100 Hz. We take
∆/ωm = −1. The inset shows the same plot displayed in the
main panel, but for a much shorter temporal window and in
logarithmic scale.
The former presents the values taken by the state fi-
delity
F = pi
∫
d2δ W (δr, δi, τ)Wsq(δr, δi) (13)
against the time of photon subtraction. Clearly F ap-
proaches unity for subtractions performed at short times.
We find a numerical optimum (F ∼ 0.99974) at τ ' 9µs,
a value that is retained in the remainder of our analysis.
The latter shows the shape taken by the Wigner function
of the conditional mechanical state for a photon subtrac-
tion taking place at such optimal time, and compares it
to Wsq(δr, δi), demonstrating that the two quasi proba-
bility distributions share the same features of rotational
symmetry around the origin of the phase space, and the
same amplitude of the negative peak at the origin.
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FIG. 3. (Color online) State fidelity between the conditional
mechanical state and a SPNS plotted against the time at
which the photon subtraction is performed. We have F ' 1 at
short times, while a 4% deviation from unity is seen for pho-
ton subtraction made at the steady state. All the parameters
are the same as in Fig. 2.
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FIG. 4. (Color online) Wigner function of the conditional
mechanical state prepared through the proposed scheme and
for the parameters used in Fig. 2. A single-photon subtraction
from the field mode has been performed at the interaction
time τ = 9µs. (b) Wigner function of a SPNS.
Let us now provide a physical intuition for the re-
sult that we have obtained. The blue-detuned regime
∆ = −ωm that we have chosen corresponds to an ef-
fective optomechanical interaction dominated by a two-
mode squeezing process [31, 32]
Hˆmf,eff ∝ δˆq ˆδX − δˆp ˆδY . (14)
In fact, by writing explicitly Eq. (2) in the blue detuned
regime with ∆ = −ωm, it is straightforward to show
that the mechanical oscillator and cavity field are cou-
pled, in general, by a resonant process that simultane-
ously creates excitations in the mechanical and optical
oscillator, and an off-resonant one that transfers excita-
tions from one oscillator to the other. More explicitly,
by calling δˆb (δˆb
†
) the annihilation (creation) operator
of the mechanical oscillator in the interaction picture,
the two processes above are linked to effective processes
of the form δˆb
†
δˆa
†
+ δˆbδˆa (for the resonant mechanism)
and (δˆb
†
δˆae2iωmt + δˆbδˆa
†
e−2iωmt) (for the non-resonant
one). By invoking the rotating-wave approximation, the
second process is suppressed in favour of the first, which
can then be recast as in Eq. (14) [31, 32].
At short interaction times, when any environmental
effect can be neglected, should the state of the mechani-
cal system be close to the ground state, such interaction
would result in a two-mode squeezed vacuum state of
the fluctuations of the system. Let us then depart, mo-
mentarily, from the actual state of the system at hand
and concentrate on the effect that uni-lateral excitation-
subtraction has on the two-mode squeezed vacuum state
of two bosonic modes, dubbed here as 1 and 2. It is
straightforward to check that the conditional state of
mode 1 when 2 is subjected to the subtraction of a single
excitation reads
ρ1 =
∞∑
n=0
P (n, s)|n〉〈n|1, (15)
where s is the degree of two-mode squeezing of the un-
conditional state and P (n, s) = n(tanh s)
2n
[cosh(s) sinh(s)]2 is the
probability that state |n〉 is occupied. At small val-
ues of s, the probability distribution is sharply peaked
around n = 1, showing little contribution to the condi-
tional state provided by highly excited number states.
This picture breaks down as s grows, given that more
number states enter into the original two-mode squeezed
vacuum state. Indeed, at low values of squeezing, a
two-mode squeezed vacuum state is well approximated
as |ψ〉12 ∝ |00〉12 +s|11〉12. The action of the subtraction
operation on mode 2 is thus equivalent to the heralded
preparation of mode 1 into a single-excitation state.
In order to confirm the validity of such interpretation
for the mechanism behind the success of our scheme,
we should validate the assumptions that the mechanical
mode is in a low-occupation state and that the degree of
two-mode squeezing of the unconditional state is indeed
very low. Both these assumptions are indeed verified by
the analysis reported in Fig. 5, where we show the mean
phonon number nteff = (m11 + m22 − 1)/2 in the me-
chanical state and the degree of optomechanical entan-
glement EN (quantified by the logarithmic negativity),
both against the interaction time. Not only the mechan-
ical system is always very close to its ground state, but
also the degree of entanglement is always kept at very low
levels. This is indirect confirmation of the small degree
of equivalent two-mode squeezing of the optomechanical
state. In fact, for s 1, the logarithmic negativety of a
two-mode squeezed vacuum state is a linear function of
s. Incidentally, Fig. 5 (a) demonstrates that, although
the blue-detuning regime chosen here is indeed responsi-
ble for the heating of the mechanical system, the corre-
sponding phononic mean occupation number remains at
low values all the way down to steady-state conditions,
thus validating our chosen parameter regime. Finally, the
need for a short interaction time to optimize the perfor-
mance of the proposed protocol is due to the fact that, as
time grows, the effects of the environments to which the
system is exposed start becoming relevant and the sim-
5plified Hamiltonian picture of two-mode squeezing breaks
down, leading the system to a steady state that is signifi-
cantly different from a two-mode squeezed vacuum. Such
considerations are supported by the analysis of the en-
tanglement set between the mechanical oscillator and the
cavity field. In Fig. 5 (b) we show the temporal behav-
ior of the logarithmic negativity EN [33], which is an
entanglement monotone perfectly suited to characterise
the entanglement of two-mode Gaussian states such as
the optomechanical one before the subtraction process.
Some entanglement builds at very short times (< 1 µs),
and then decays due to the open-system dynamics under-
gone by the system and the subsequent deviation of the
effective dynamics from the simple two-mode squeezing
process in Eq. (14).
We now address the robustness of the state-engineering
mechanism illustrated here to the effects caused by a
larger temperature of the mechanical system. In Fig. 6
we show the degradation of the state fidelity as the
temperature of the initial state of the mechanical sys-
tem grows. We specifically highlight the contours for
F = 0.99974 and F = 0.999. The former is the value of
the optimal state fidelity achieved in the previous part
of our analysis. The latter sets a bound to the values of
state fidelity achievable through our scheme, and serves
as a guide to the eye. While an increasing phononic
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FIG. 5. (Color online) (a) We show the effective phonon num-
ber against the interaction time. (b) Logarithmic negativity
of the optomechanical state against the interaction time. In
both panels, all the parameters are the same as in Fig. 2.
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FIG. 6. (Color online) State fidelity against the initial tem-
perature of the mechanical system and the (dimensionless)
interaction time. The fidelity decreases as the photon subtrac-
tion is performed on a system with large initial temperature.
All the parameters are the same as in Fig. 2.
n0 1 2 3 4 5
0.0
0.2
0.4
0.6
0.8
1.0
PHnL
n0 1 2 3 4 5
0.0
0.2
0.4
0.6
0.8
1.0
PHnL
n0 1 2 3 4 5
0.0
0.2
0.4
0.6
0.8
PHnL
n0 1 2 3 4 5
0.0
0.2
0.4
0.6
0.8
PHnL
n0 1 2 3 4 5
0.0
0.2
0.4
0.6
0.8
PHnL
(a) (b)
(c) (d)
(e) (f)
n0 1 2 3 4 5
0.00
0.05
0.10
0.15
0.20
0.25
0.30
0.35
PHnL
FIG. 7. (Color online) Phonon-number distribution for the
different values of the temperature. We have taken (a) T =
5mK, (b) T = 10mK, (c) T = 15mK, (d) 20mK, (e) T =
25mK, and (f) T = 50mK. All the other parameters are the
same as in Fig. 2.
temperature is associated with a decrease of the state
fidelity, the scheme appears to be robust, as far as fi-
delity is concerned. Such conclusions are validated and
strengthened by a study of the phonon-number distribu-
tion in the conditional state of the mechanical oscillator
for different values of its initial temperature, which is re-
ported in Fig 7: Only for temperatures ≥ 15mK we see
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FIG. 8. (Color online) (a) Fidelity between the conditional
stationary mechanical state and a SPNS plotted against the
initial mechanical temperature. (b) The probability distribu-
tion of the conditional stationary state for T = 1mK. Other
parameters as in Ref. [11].
a significant contribution from states with n ≥ 2, thus
ensuring the feasibility of the proposed protocol for tem-
peratures that are within reach through standard passive
cooling techniques.
IV. A STEADY STATE ASSESSMENT OF THE
PROTOCOL
We now briefly address the steady-state counterpart
of the protocol discussed so far, highlighting relative per-
formances and differences between the two schemes. We
base our assessment on the proposal put forward by one
of us in Ref. [11], and consider a red-detuned working
point with a lower mechanical effective mass (m = 5pg),
as it is the case in levitated optomechanics. We further
assume that the system is addressed when stationary con-
ditions are reached. We refer to Ref. [11] for details of
the calculations, which are all along the lines of what
has been presented here, and discuss directly the results
of our analysis. We only stress that, in light with the
discussions above, we use the initial temperature of the
mechanical mode as the tuneable parameter for the eval-
uation of the performances of this steady-stets version of
the SPNS-engineering protocol.
Fig. 8 (a) shows the behavior of the state fidelity with
a SPNS as the temperature increases, showing the ex-
cellent performance of the protocol for an ample range
of values of such parameter. Low temperatures perform
significantly better, and we now concentrate on what is
achieved by fixing T = 1mK. However, we should remark
the comparatively inferior performance, for the current
choice of working point, with respect to the dynamical
scheme illustrated above. Both features (the good simi-
larity with a SPNS and the inferiority with respect to a
time-gated photon subtraction) are consolidated in Fig. 8
(b), where we show the probability distribution of hav-
ing n excitations in the conditional mechanical state. At
variance with the previous result, the contributions com-
ing from the ground state and |n = 2〉 are not insignif-
icant, thus lowering the similarity with the desired tar-
get state. However, all the key features of a SPNS are
retained by the conditional stationary mechanical state.
More extensive analyses of the relative performance of
the two approaches, including a detailed study of the dif-
ferences in the types of quantum correlations shared by
the optical and mechanical oscillators and the effects of
additional subtractions steps on the form of the condi-
tional mechanical state are left to further investigations.
V. CONCLUSIONS
We have proposed a scheme for the engineering of
SPNS of a massive mechanical mode based on a pho-
ton subtraction process. The effectiveness and robust-
ness of the protocol has been assessed using relevant fig-
ures of merit and studying the effect of the temperature
of the mechanical system, which is a key parameter in
any optomechanical dynamics. We have argued that,
at variance with a previously reported scheme for the
achievement of non-classical mechanical states [11], a dy-
namical approach with a time-gated photon-subtraction
event, and a working point deep in the blue-detuning
regime allow for the achievement of the best perfor-
mances. Once engineered through the protocol illus-
trated herein, the mechanical state can be reconstructed
using high-precision all-optical methods [34, 35]. The
proposal is thus fully within the reach of current state-
of-the-art experiments in optomechanics, and paves the
way to a novel approach towards the engineering of key
non-Gaussian states of massive mechanical systems and
their use for the quantum coherent communication.
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APPENDIX
In this Appendix we give the explicit form of the func-
tions entering the Wigner distribution of the conditional
mechanical state given in Eq. (10). We have
7At0 =
N
pi
(
1
m11
)5/2√
m11
4m11m22 − (m12 +m21)2 , N =
4
f11 + f22 − 2 , A
t
1 =
m211
4m11m22 − (m12 +m21)2P,
P = −4(c221 + c222)m11 + 4(c11c21 + c12c22)(m12 +m21)− 4(c211 + c212)m22
− (f11 + f22 − 2) [(m12 +m21)2 − 4m11m22],
Btrr =
16m211[4(c
2
21 + c
2
22)m
2
11 − 4(c11c21 + c12c22)(m12 +m21)m11 + (c211 + c212)(m12 +m21)2]
[4m11m22 − (m12 +m21)2]2 ,
Btri =
32m211{2(m12 +m21)[(c221 + c222)m11 + (c211 + c212)m22]− (c11c21 + c12c22)[(m12 +m21)2 + 4m11m22]}
[4m11m22 − (m12 +m21)2]2 ,
Btii =
16m211[(c
2
21 + c
2
22)(m12 +m21)
2 − 4(c11c21 + c12c22)(m12 +m21)m22 + 4(c211 + c212)m222]
[4m11m22 − (m12 +m21)2]2 ,
Ct = −8
(
m22δ
2
i + (m12 +m21) δiδr +m11δ
2
r
)
4m11m22 − (m12 +m21)2 .
(16)
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